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Abstract The purpose of this paper is to derive some identities of the higher order 
generalized twisted Bernoulli numbers and polynomials attached to x from the properties 
of the p-adic invariant integral. We give some interesting identities for the power sums 
and the generalized twisted Bernoulli numbers and polynomials of higher order using the 
symmetric properties of the p-adic invariant integral. 
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1. Introduction and preliminaries 

Let p be a fixed prime number. Throughout this paper, the symbol Z, Z p , Q p , and C p 
denote the ring of rational integers, the ring of p-adic integers, the field of p-adic rational 
numbers, and the completion of algebraic closure of Q p , respectively. Let N be the set of 
natural numbers and Z + = NU {0} . Let v v be the normalized exponential valuation of C p 
with \p\ p = p -Mp) =p~ l . 

Let UD(Z p ) be the space of uniformly differentiable function on Z p . For / G UD(Z p ), 
the p-adic invariant integral on Z p is defined as 

1 pN - X 

1(f) = / f(x)dx = lim — £ f{x). (1.1) 
Jz, N ^°°P N 

(see [4-5]). From (1.1), we note that 

1(h) = 1(f) +f'(Q), (1.2) 

where /' (0) = ^|x=o and f t (x) = f(x + 1). For neN, let f n (x) = f(x + n). Then we 
can derive the following equation from (1.2). 

n-l 

/(/„)= !(/) + £/'(<), (see [4-5]). (1.3) 
Let d be a fixed positive integer. For n GN, let 

JVr 



X = Xd = limZ/dp iv Z, Xi = Z p , 

N 

X* = U (a + dpZ„), 

0<a.<dp 
(a,p) = l 

a + dp N Z p = {xeX\x = a (mod dp N )}, 
1 
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where a 6 Z lies in < a < dp N . It is easy to see that 

f(x)dx = I f(x)dx, for / e UD(Z P ). (1.4) 



A" 



The ordinary Bernoulli polynomials B n (x) are defined as 

oo 



n=0 



and the Bernoulli numbers B n are defined as B n = B n (0) (see [1-19]). 
For iigN, let T„ be the p-adic locally constant space defined by 



TL = U C„n = lim C„n, 

n>l n^oo 

where C p ™ = {w|u; p " = 1} is the cyclic group of order p n . It is well known that the twisted 
Bernoulli polynomials are defined as 

t °° t n 

— —^^B^x)-, ^T p , 

^ n— 

and the twisted Bernoulli numbers B n ^ are defined as B n ^ = B n ^(0) (see [14-18]). 
Let x be the Dirichlet's character with conductor d E N. Then we have 

X(x)£ x e xt dx = a =° Tt . (1.5) 

x £, d e dt - 1 

It is known that the generalized twisted Bernoulli numbers attached to Xi Bn,x,ti> are 
defined as 

IV -1 = I>"-*^' (L6) 
The generalized twisted Bernoulli polynomials attached to Xi B n .x,i( x )i are defined as 

IV -i e ' t = E g ".x.eW^. ^ t p> (1-7) 

"* n=0 

(see [13], [16]). From {T3J, ((111]) and (H7J), we derive that 



X(x)£ x x n dx = B n>xA and / x(y)£»(a: + y) n dy = B n , Xi6 (x). (1.8) 
By (II. 3|) and (11.4)) . it is easy to see that for n G N, 

/ f(x + n)dx= / f(x)dx + J2f'{i), (1.9) 
where /'(«) = ^^| x =i- From (TO]), it follows that 
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-(/ x(x)C d+x e {nd+x)t dx- ( x(x)^ x e xt dx) 
t Jx Jx 



(1.10) 



nd J x x(%) t; x e xt dx £ 



nd^ndt 



. d-1 



dpdt 



(>.x(*)£V 4 ) 



i=0 



Jx ^ ' " " i=0 fe=0 Z=0 

For k G Z + , let us define the p-adic functional T^ x j(n) as follows: 



oo nd — 1 j^. 

E(E*(o^4 



Let fc, n, d e N. By (fTTTUj) and (fL~TT|) , we see that 



From (fl~8]) and (fTT2| . we have that 



X^r^ete = kT k -i }X ,((nd - 1). 



= T fc _i iXi5 (nd - 1). 



For wi,W2, d g N, we note that 



J" dw iw 2X gdwiw 2 xt j. 



(i.n) 



(1.12) 



(1.13) 



(1.14) 



£^£dw 1 w 2 e dw 1 w 2 t _ ^\ 



^(£x(«)r io e Wlo 0(X>( 6 )£ 



W2b W2bt 



^ a=0 6=0 

In the next section, we will consider the extension of (|1.14[) related to the generalized twisted 
Bernoulli numbers and polynomials of higher order attached to \ ■ 

The generalized twisted Bernoulli polynomials of order k attached to \i B^ x ^(x), are 
defined as 

/ d-i \ k 

I + V s ^(r,\ £a c at \ 

= Y. B nl^)- V ^T p , (1.15) 
n=0 



a=0 

£ d e dt - 1 



V 



and B 



(k) 



B nx £ are ca ^ e< i the generalized twisted Bernoulli numbers of order k 



attached to x- When k — 1, the polynomials and numbers are called the generalized 
twisted Bernoulli polynomials and numbers attached to x, respectively (see [12]). 

The authors of this paper have studied various identities for the Bernoulli and the Euler 
polynomials by the symmetric properties of the p-adic invariant integrals (see [6-8], [10]). T. 
Kim [6] established interesting identities by the symmetric properties of the p-adic invariant 
integrals and some relationships between the power sums and the Bernoulli polynomials. 
In [8] , Kim et al. gave some identities of symmetry for the generalized Bernoulli polynomi- 
als. The twisted Bernoulli polynomials and numbers are very important in several field of 
mathematics and physics, and so have been studied by many authors (cf. [9-18]). Recently, 
Kim-Hwang [10] obtained some relations between the power sum polynomials and twisted 
Bernoulli polynomials. 

In this paper, we extend our results to the generalized twisted Bernoulli numbers and 
polynomials of higher order attached to x- The purpose of this paper is to derive some iden- 
tities of the higher order generalized twisted Bernoulli numbers and polynomials attached to 
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X from the properties of the p-adic invariant integral. In Section 2, we give interesting iden- 
tities for the power sums and the generalized twisted Bernoulli numbers and polynomials 
of higher order using the symmetric properties for the p-adic invariant integral. 



2. Some identities of the generalized twisted Bernoulli numbers and 

polynomials of higher order 



Let wi,W2,d E N. For £ e T p , we set 



Y(m,x,€\wi,w 2 ) 
( 



1=1 



J £dw\W2X gdw\W2Xt 



(2.1) 



X' 



/T~\ i ^^,(S J: i)'"2 (X>i+M>l2/)i«2t \ 

{[[x(xi)K i=1 e ' =1 dx% • • • dx m J , 



where 



f(xi,--- , x m )dxx ■ ■ ■ dx r , 



X 1 ' 



f(xi, ■ ■ ■ ,x m )dxi ■ --dx r , 



X JX 
ra— times 



In (|2.1[) . we note that Y(m, x, u>\, w 2 ) is symmetric in W\,w 2 . From (|2.ip . we derive 
that 



Y(m,x,C\wi,w 2 ) 



(Hx(xiW^ e& d Xl ---dx m \e wM 
x m / 



(2.2) 



W2X m £> W2Xrnt 



dx r . 



J X ^ 



r ( y 

/ (Il^i))e A 



- e 6i dx 1 ---dx m _ 1 e w ^ 1 



From (fTTT0|) and (fTTTT]) . it follows that 



dwi J x x{x)^ x e xt dx 



w\d—l 



C fcdw\x gdwixt 

By (|1.15[) . we also see that 



E xme lt ^Y, T ^(^d-l)-. 



k=0 



W\W2Xt 



(_[J_X(^i))? 1=1 e i=1 dxi---dx r , 



(2.3) 



(2.4) 



d-l 



W 2 X) 



a=0 



71=0 
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By (|221), |231) an d UM, we have that 

r(m,x,£H,™ 2 ) (2-5) 



00 / n / \ J 



n=0 \j'=0 XJ 7 fc=0 



E ( E(>x-^ieLe^^ ] 5 



From the symmetry of Y(m, £\wi, 11)2) in u>i and 11)2, we see that 

Y(m,x,£,\w 1 ,w 2 ) (2.6) 



00 / n 

' n 



= E E 

n=0 V j=0 



1^2 



fc=0 v 7 / 



Comparing the coefficients on the both sides of (]2.5p and (|2.6p , we obtain an identity for 
the generalized twisted Bernoulli polynomials of higher order as follows. 

Theorem 1. Let d, 101,102 G N. For n G Z + and m E N, we ftawe 



£ (") ^>r^X-i ^ ( W2 *)£ (•?) r fc , XlC - a (^d - (t«*p) 

j=o x -' 7 fc=o ^ 7 

= E (")«-:< / . (-i-)E (fH*.^ («* d - MX2^ 



3=0 XJ 7 fe=0 

Remark 1. Taking m — 1 and y = in (2.7) derives the following identity 



X] L UK J ^n-j,*,^ 1 ( w 2^)^ x ,£">2 (toid - 1) (2.7) 



= E(,-M u; 2 J 1 B n ^ j ^ 2 {w 1 x)T hx ^ 1 {w 2 d-l). 

Moreover, if we take x — and y — in Theorem 1, then we have the following identity 
for the generalized twisted Bernoulli numbers of higher order. 

Corollary 2. Let d, w\,w% € N. For n G Z + and m £ N, we have 



(m-l) 
j-k,xX m2 



E ( ") ^r^K ^ E (0 M - 1)5 

j=0 v - y ' k=0 v 7 

=E( 

j=0 fc=0 v ' 

We also note that taking m = 1 in Corollary 2 shows the following identity : 

E ( ,• ) w 2 w i~ J ~ lB n-j.x,^ T J,x,^ (u>id-l) (2.8) 



3=0 



3=0 



J2[ j) W l W 2 3 ^n-M^Wi^rf-l)- 
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Now we will derive another interesting identities for the generalized twisted Bernoulli 
numbers and polynomials of higher order. From (|1.15|) . (|2.2p and (12. 3j) . we can derive that 



Y(m,x,t\wi,W 2 ) 

( wi d— 1 



m _l m-1 m-1 

/" -|— |- ( E ^i)^ ( E x i~ i r w lV) w 2^ 

I {\\x{xi))£ 1=1 e <=i dxi---dx m . 

n=0 \fc=0 V / i=0 / 

From the symmetry property of y(m, x, ^[ixJi, u>2) in wi and w 2 , we see that 

Y(m, X ,t\w 1 ,w 2 ) (2.10) 

= E EQ-r^r^i-^^) E xco^B^^+go - v 

n=0 \fc=0 V 7 i=0 / 

Comparing the coefficients on the both sides of (|2.9[) and (|2.10|) , we obtain the following 
theorem which shows the relationship between the power sums and the generalized twisted 
Bernoulli polynomials. 

Theorem 3. Let d,W\,w 2 G N. For n G Z + and rn G N, we have 

k=Q ^ 7 i=0 1 

n / \ W2d—1 

= Euh^ 1 <"" fl i-^-^^) E x»r^S^K- + ^). 

Remark 2. Let m — 1 and y — in Theorem 3. Then it follows that 

W\d—X u>2<i— 1 

wr 1 E x(o^n,x,«^ + ^1) = wr 1 E xw^,^ + — o- (2.11) 

Moreover, if we take x — and y = in Theorem 3, then we have the following identity 
for the generalized twisted Bernoulli numbers of higher order. 

Corollary 4. Let d, Wi,w 2 G N. For n G Z + and m G N, we /iawe 

EO^- 1 ^-^^ E ^^(go 

fc=0 V 7 i=0 1 

7i / \ dw-2 — 1 

= E(>r i -r fc ^r 1 E xwr^&W^). 

If we take m — 1 in Corollary 4, we derive the identity for the generalized twisted 
Bernoulli numbers : for d, w% , w 2 G N and n G Z + , 

dwi~ 1 diV2 — 1 

< _1 E x«r 2< s„, x ^ 1 (^i)=t«r i e xwr 1 *^-^*). (2.12) 

i=0 1 i=0 2 
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